Abstract-The torque production of variable flux reluctance machines (VFRMs) is explained by the "magnetic gearing effect" in recent research. Based on this theory, this paper concludes the general principles for feasible stator/rotor pole selection and corresponding winding configuration for VFRMs. The influence of stator/rotor pole combination on torque performance is comprehensively investigated not only in terms of average torque and torque ripple, but also in terms of each single torque component. It is found that the synchronous torque is proportional to the fundamental rotor radial permeance component and has the dominant contribution in average torque for all the VFRMs. The stator slot number and rotor pole number should be close to each other to achieve the highest output torque. Meanwhile, the 6-stator-slot/(6i ± 2)-rotor-pole (6s/(6i ± 2)r) and their multiples are large torque ripple origins for VFRMs due to the large reluctance torque ripple. Also, it is proved that a lower stator slot number is preferable choice to obtain higher torque/copper loss ratio, whereas a higher stator slot number is more suitable for large machine scale scenario. Finally, the analyses and conclusions are verified by finite element analysis on the 6-, 12-, 18-, and 24-stator-slot VFRMs and by experimental tests on a 6s/7r and 6s/8r VFRMs. Index Terms-Magnetic gearing effect, stator/rotor pole combination, variable flux reluctance machine (VFRM).
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NOMENCLATURE
A s
Total stator slot area. Rotating speed of outer rotor, inner rotor, and iron pieces of a magnetic gear. Ω r Rotor mechanical rotating speed.
I. INTRODUCTION
V ARIABLE flux reluctance machines (VFRMs) are one kind of magnetless machines developed in recent years [1] , [2] . Fig. 1 shows the configurations of five typical VFRMs, i.e., 6-stator-pole/2-rotor-pole (6s/2r), 6s/4r, 6s/5r, 6s/7r, and 6s/8r VFRMs. They have doubly salient structures, which are similar to the switched reluctance machines (SRMs), and two sets of stator-located concentrated windings, i.e., ac armature and dc field windings. Due to the common structure features, VFRMs have low torque density and power factor issues as SRMs. In addition, the introduction of field current increases the complexity of the control system, although it also provides an additional flexible control parameter. Nevertheless, VFRMs have many advantages, e.g., significantly reduced acoustic noise [3] , more flexible stator/rotor pole combinations [4] , [5] , feasible application of commercial inverter. Moreover, the robust structures and the absence of permanent magnet enable VFRMs to be applied in a harsh operation environment, high temperature, and aerospace actuators for example.
For machine design, proper stator/rotor pole combination is known to be an important criterion to enhance the performance. By way of examples, in [6] - [11] , the influence of stator/rotor pole combinations on electromagnetic performance is investigated for various machines, e.g., SRMs [6] , [7] , permanent magnet (PM) synchronous machines [8] , [9] , flux switching PM machines [10] , and synchronous reluctance machines [11] . As for VFRMs, the electromagnetic performance of 6s/(4, 5, 7, 8)r and 12s/ (8, 10, 11, 13, 14) r VFRMs are comparatively analyzed in [5] and [12] , respectively. Then, Jia et al. [13] established the relationship between stator/rotor pole combination and armature winding pole pairs. However, in these works, the performance evaluation relies on finite element analysis (FEA), which is complicated in modeling and performance estimation. As a further step, this paper and [14] investigated the influence of stator/rotor pole combination on the torque production from the perspective of magnetic gearing effect [15] , [16] . Specifically, the difference between various stator/rotor pole combinations will reflect on their spatial magnetomotive force (MMF) and permeance harmonics, which are eventually linked to the output torque by the magnetic gearing effect theory. With this method, the average torque and torque ripple productions due to the synchronous, reluctance, and cogging torque components can be separately analyzed. More importantly, the torque characteristics of VFRMs can be easily predicted with some simple figures which are directly deduced from the rotor pole number and winding configurations.
The paper is organized as follows: In Section II, the magnetic gearing effect in the torque production of VFRMs is revealed based on an analytical model. In Section III, the principles of feasible stator/rotor pole selection and corresponding winding configuration are illustrated. In Section IV, the torque characteristics of 6-stator-slot VFRMs are investigated in detail and then extended to 12-, 18-, and 24-stator-slot VFRMs. In Section V, the revealed torque characteristics are validated by the FEA results on (6, 12, 18, 24)s/(2,4,5· · · 20)r VFRMs and the test of a 6s/7r and a 6s/8r VFRM prototypes. 
II. MAGNETIC GEARING EFFECT IN VFRM
A. Torque Expression of VFRMs
Based on the Lorentz force law, the instantaneous torque equation of VFRM can be expressed as the following equation. The detailed derivation procedure and validation is illustrated in [16] 
where R si is the radius of stator inner surface; L stk is the machine stack length; θ is the mechanical angle in the stator reference frame; Λ r is the rotor radial permeance function obtained by salient rotor and slotless stator model; and F sa and F sf are the "modulated MMFs" of armature and field windings, which are defined by
where g 0 is the airgap length; μ 0 is the vacuum permeability; Λ s is the stator radial permeance function obtained by the smooth rotor and slotted stator model; F a (θ, t) and F f (θ, t) are the MMFs of armature and field currents, respectively. As proved in [16] , the modulated MMFs of armature and field currents are identical to their corresponding MMFs in terms of harmonic order and corresponding rotating speed, albeit with modified harmonic magnitude due to the modulation effect of stator slot effect. In this case, the spatial harmonic content of modulated MMF can be easily deduced from winding theory [17] .
Then, by substituting (2) into (1), the torque equation can be divided into three components: synchronous torque T s , reluctance torque T r , and cogging torque T c , i.e., [16] 
where F sa (θ, t) and F sf (θ, t) are the modulated MMFs of armature and field currents, respectively. It can be found that components-1 and 2 are generated by either armature or field modulated MMF only, while component-3 is generated by the interaction of armature and field modulated MMFs. According to the common torque definitions in electrical machines, torque components-1, 2, and 3 represent the reluctance torque T r , cogging torque T c , and synchronous torque T s , respectively.
B. Magnetic Gearing Effect in VFRM Torque Production
Further, from (3), it can be found that all these three torque components are generated by two interactive modulated MMFs and can be generally summarized as
where F s1 and F s2 are modulated MMFs and could be either F sa or F sf ; T ep could be either T s , T r , or T c depending on the interactive F s1 and F s2 . For instance, if F s1 and F s2 are both F sa , T ep then represents reluctance torque T r according to (3) . Letting the general Fourier series expressions of two interactive modulated MMFs and rotor radial permeance functions to be
where (f m , f n ), (Ω m , Ω n ), and (θ m , θ n ) are the magnitudes, rotating speeds, and advanced angles of the (P m , P n )th harmonics of modulated MMFs (F s1 , F s2 ). Λ r 0 and Λ rk are the magnitudes of the dc and the kth rotor permeance harmonics, respectively; N r is the number of rotor teeth; Ω r is the rotor mechanical rotating speed; and θ r 0 is the rotor initial position.
Then, by substituting (5) and (6) into (4), the average torque and torque ripple can be separated using harmonic analysis [16] , i.e.,
where "sgn" is the sign function; T ep avg and T ep rip are the average torque and torque ripple of electromagnetic torque; ΔT(k, m, n) is the elementary torque component generated by kth rotor permeance, mth F s1 and nth F s2 components; and
From (7)- (9), the operation principle of VFRMs can be revealed, as shown in Fig. 2 . Basically, two specific field components are generated by the P m −th component of MMF F s1 , P n −th component of MMF F s2 , and the modulation effect of kN r −th component of rotor permeance. Their interaction can lead to average torque only when conditions (10) and (11) are satisfied simultaneously
The magnitude of torque is governed by
However, if only condition (10) is satisfied, the torque ripple rather than average torque will be resulted. The number of fluctuation over one electrical period N ripple is
Since condition (10) is essential for both average torque and torque ripple productions, a specific combination of P m −th component of MMF F s1 , P n −th component of MMF F s2 , and kN r −th component of rotor permeance, which satisfies (10) is defined as a "magnetic gear pair" in the following investigation.
It can be found that the condition (10) is similar to that of magnetic gears [18] 
where P o and P i are the PM pole-pair numbers of outer and inner rotor; and N p is the number of iron pieces in magnetic gear. Further, (12) also agrees with the synchronous rotating speed principle in magnetic gears for active torque generation, i.e.,
where Ω o , Ω i , and Ω N are the rotating speed of outer rotor, inner rotor, and iron pieces, respectively. Overall, the interactive modulated MMF harmonics play the role of the outer and inner PMs of a magnetic gear, whereas the rotor permeance harmonics is equivalent to the iron pieces in a magnetic gear. This is the so-called "magnetic gearing effect" [15] , [16] or "airgap field modulation effect" [19] . However, different from the single working harmonic in actual magnetic gear, VFRM is usually working with multiharmonics, which makes it more complicated and interesting to investigate the influence of the different stator/rotor pole combinations.
III. PRINCIPLE OF STATOR/ROTOR POLE SELECTION
One feasible stator/rotor pole combination means that its average torque is nonzero. In this case, conditions (10) and (11) should be satisfied simultaneously. In this section, the 6-statorslot VFRMs are investigated as examples first. Then, the revealed principle is extended to all the VFRMs.
Due to the double layer and concentrated winding type, the armature winding of 6-stator-slot VFRMs can be configured into 6-stator-slot/2-poles (6s/2p) or 6s/4p, whereas the field winding has only one configuration with 6 poles, as shown in Fig. 3 . Based on the conventional winding theory of ac machine, the armature coils can then be configured into three phases according to their back-EMF phasor diagrams, as shown in Fig. 4 . Eventually, the spatial harmonic contents of modulated MMFs can be deduced, as shown in Table I .
According to [16] , the average torque of VFRM is mainly generated by the interaction between ac and dc currents, which is denoted by "synchronous torque" in (4). To generate nonzero synchronous torque, conditions (10) and (11) should be satisfied.
By substituting the harmonic order and rotating speed of modulated MMFs into (10) and (11), it is found that the condition (11) is satisfied only when k = 1. In this case, the feasible rotor pole number selection for a specific armature and field winding configuration is derived from the following:
where P a and P f are the spatial harmonic orders of modulated MMFs for armature and field currents. For example, the feasible rotor pole number for armature winding I can be selected as Similarly, the feasible rotor pole number for armature winding II can also be obtained
It can be seen that for armature winding I, all the even numbers except multiple of 3 can be chosen for rotor pole number, i.e., 2, 4, 8, 10. . .. In contrast, all the odd numbers except multiple of 3 are feasible for armature winding II, i.e., 5, 7, 11, 13. . ..
By applying this principle to VFRMs with 6-, 12-, 18-, and 24-stator-slot, all the feasible stator/rotor pole combination and corresponding armature winding configurations are listed in Table II. It can be seen that some VFRMs are with odd rotor pole number. Due to the asymmetric electromagnetic structure, there will be unbalanced magnetic force in these combinations. Nevertheless, this can be eliminated by simply doubling both stator slot and rotor pole numbers.
IV. TORQUE CHARACTERISTICS OF VFRMS WITH DIFFERENT STATOR/ROTOR POLE COMBINATIONS
In order to analyze the torque characteristics of VFRM with different stator/rotor pole combinations, the specific magnetic gear pairs which contribute to the average value and ripple of synchronous, reluctance, and cogging torque components can be identified by using conditions (10) and (11) . In this paper, the 6s/(2, 4, 5, 7, 8)r VFRMs are analyzed in detail as examples first. The revealed characteristics are then extended to other VFRMs. Moreover, as can be seen from (12), the magnitude of the torque production for each magnetic gear pair is proportional to its corresponding modulated MMF harmonics. Hence, only the dominant harmonics of modulated MMF (1st, 5th, 7th ,and 11th harmonics for armature winding I, 2nd, 4th, 8th, and 10th harmonics for armature winding II, 3rd and 9th harmonics for field winding) are taken into account. The higher order harmonics are relatively small and only contribute to negligible torque components. They are therefore neglected. Table III shows the dominant magnetic gear pairs which contribute to the average torque in 6s/(2, 4, 5, 7, 8)r VFRMs. For clarity, the components which have significantly large magnitudes are marked by gray color. The modulated MMFs of armature and field windings F sa and F sf are simplified into A and F, respectively. The average values of synchronous, reluctance, and cogging torque are represented by T s avg , T r avg , and T c avg , respectively.
Several characteristics can be revealed.
1) The average value of cogging torque is always 0. 2) The average values of synchronous torque and reluctance torque are proportional to the magnitudes of the 1st and 2nd rotor radial permeance components, respectively. 3) The synchronous torque is the dominant part for average torque production since the 1st harmonic is usually the largest among all the harmonics in rotor radial permeance. In this case, the advanced current angle is close to 0°and the average torque can be assumed to contain synchronous torque only. Its average torque can then be concisely summarized as (19) where k T is the torque coefficient determined by winding configurations and machine structural parameters; Λ r 1 is the magnitude of 1s t rotor radial permeance harmonic; and I a and I f are the RMS currents of armature and field windings, respectively.
Further, by applying the same method, it can be found that all the aforementioned conclusions also fit VFRMs with other stator/rotor pole combinations listed in Table II . Therefore, the torque production of VFRMs is from the synchronous torque component rather than the reluctance torque component. Table IV shows the dominant magnetic gear pairs which contribute to the torque ripple in 6s/ (2, 4, 5, 7, 8) r VFRMs. For clarity, the components which have significantly large magnitudes are marked by gray color. The ripples of synchronous, reluctance and cogging torque are represented by T s rip , T r rip , T c rip , respectively. It can be found that ripple generated by synchronous torque, reluctance torque and cogging torque are proportional to the 5th, 4th, and 6th rotor radial permeance harmonics, respectively. All these permeance harmonics are relatively small compared with the fundamental one. Hence, the 6s/|6i ± 1|r VFRMs are expected to have smaller torque ripple than 6s/|6i ± 2|r VFRMs. The same analysis can also be performed on all the VFRMs listed in Table II . It is found that only the reluctance torque ripple of 6s/|6i ± 2|r VFRMs and their multiples is proportional to 1st rotor permeance component. Hence, VFRMs with these stator/rotor pole combinations are expected to have larger torque ripple than other VFRMs, as marked by gray color in Table II .
B. Torque Ripple
V. FINITE ELEMENT AND EXPERIMENTAL VERIFICATION
A. FEA Verification
In order to verify the revealed torque characteristics of VFRMs, the average torque and torque ripple of (6, 12, 18, (8, 16) r VFRMs show significantly larger torque ripple than other VFRMs, which confirms the conclusion that 6s/|6i ± 2|r VFRMs and their multiples have large torque ripple generated by their reluctance torque components.
2) 6s/(7, 11)r, 12s/(10, 14)r, 18s/(17, 19)r, and 24s/20r
VFRMs have higher average output torque than their counterparts with the same stator slot number, which reveals the conclusion that the stator slot and rotor pole number should be close to each other to achieve the highest output torque.
3) The higher the stator slot number is, the smaller the output torque will be. The output torque of 12s-VFRMs is approximately half of that of 6s-VFRMs under the same copper loss and machine frame constraints. This can be explained by comparing the 6s/4r and 12s/8r VFRMs. In a VFRM, the armature current can be calculated by
where N c is the tunes per coil; A s is the total stator slot area; ρ cu is the resistivity of copper; and L end is the end length of windings.
Assuming the copper loss of armature winding P cua , total slot area A s and turns per coil N c are kept the same for 6s-and 12s-VFRMs, the armature current is proportional to the reciprocal of stator slot number. This also fits field current, i.e.,
Substituting (21) into (19) , yields
The 6s/4r and 12s/8r VFRMs are identical in terms of operation principle and torque coefficient k T . Based on (22), the output torque ratio between these two machines can be obtained, i.e.
It should be noted that the foregoing investigation is based on the assumption that the core saturation is neglected. In this ideal situation, the torque/copper loss ratio of 12s/8r VFRM is proved to be only half of that of 6s/4r VFRM. However, in a practical situation, two cases should be considered. On one hand, when the copper loss is relatively small and the magnetic saturation level is low, the airgap flux density is mainly determined by the MMF. According to (20) -(23), the amplitude of MMF per coil N c I is proportional to 1/N s , which leads to significantly lower airgap flux density and eventually smaller torque/copper loss ratio in 12s/8r VFRM compared with 6s/4r VFRM. In contrast, when the copper loss is relatively large, the airgap flux density will be limited by the core saturation. In this case, the 6s/4r and 12s/8r VFRMs have similar phase flux linkage and back-EMF, as well as torque/copper loss ratio. This phenomenon is similar to the conclusion in SRMs [20] and can be verified by FEA results of several 12s/8r and 6s/4r VFRMs optimized under different copper loss constraints, as shown in Fig. 6 .
Considering the fact that 12s/8r VFRM has several advantages over 6s/4r VFRM, i.e., smaller space occupation of slot wedges, smaller slot opening, and larger contact area between coil and iron for heat dissipation, 12s/8r VFRM is more suitable for high current density and large frame scale machine design. For low current density and small size machines, a lower slot number is the preferable choice.
Further, it is predicted that the synchronous torque is the dominant part in average torque production since it is proportional to the 1st rotor permeance harmonic. In contrast, the reluctance torque is proportional to the 2nd rotor permeance harmonic and becomes negligible. To verify this, the variations of average torque with the advanced current angle for the optimized 6s/ (4, 5, 7, 8) r VFRMs are shown in Fig. 7 . The peak values are all obtained when their advanced current angle is close to 0°, indicating that the reluctance torque is much smaller than synchronous torque. Then, by using the single-side saliency model developed in [16] , the distributions of rotor radial permeance under different rotor pole arc ratio can be obtained from FEA. The average torque and reluctance torque are proved to have similar variation trends with the 1st and 2nd rotor permeance components, as shown in Fig. 8 .
B. Experimental Verification
For experimental verification, 6s/7r and 6s/8r VFRMs are prototyped and compared. These two machines share the same stator but different rotors, as shown in Fig. 9 . Both the armature and field windings are concentrated types and wound on all the stator teeth. The winding configurations can be found in Fig. 1 . The specifications of prototyped machines are listed in Table VI . During the experiments, the field winding is excited by a dc supply while the armature winding is connected to an inverter. The test rig is shown in Fig. 10 .
First, the VFRMs are on open-circuit and only their field windings are excited. The phase back-EMFs are measured, as shown in Fig. 11 . Two different field currents are tested and good agreements can be found between FEA and experimental results. From the calculated spectra of back-EMF, it can be seen that the fundamental component of 6s/7r VFRM is significantly larger than 6s/8r VFRM, which indicates the higher output torque of 6s/7r VFRM. Moreover, the back-EMF waveform of 6s/7r VFRM is closer to sinusoidal, whereas the 6s/8r VFRM contains large subharmonics in its back-EMF. Therefore, the 6s/7r VFRM is expected to have smaller torque ripple than 6s/8r VFRM.
Further, the on-load torque characteristics of 6s/7r and 6s/8r VFRMs are measured by torque transducer. The torque waveforms and variations of average torque with RMS currents are shown in Figs. 12 and 13 , respectively. It can be seen that the measured torque is slightly smaller than the FEA predicted one. This is mainly due to the measurement error and minor disturbance in the current waveform. Nevertheless, the torque ripple of 6s/8r VFRM is significantly larger than that of 6s/7r VFRM, confirming the prediction in Section IV. Regarding the average torque, the 6s/8r VFRM is smaller than 6s/7r due to its smaller fundamental back-EMF component.
VI. CONCLUSION
In this paper, the stator/rotor pole combinations in VFRMs are investigated based on the magnetic gearing effect. First, the principle of feasible stator/rotor pole selection and corresponding winding configuration is revealed. Then, by identifying the specific magnetic gear pairs which contribute to the synchronous, reluctance, and cogging torque components, the torque characteristics in VFRMs are comprehensively illustrated. It is found that 1) For all the VFRMs, the synchronous torque is much larger than the reluctance torque in terms of the average torque production. Also, the rotor pole number should be close to the stator slot number to ensure a high output torque. 2) The 6s/(6i ± 2)r VFRMs and their multiples exhibit large ripple in their reluctance torque component. Thus, these VFRMs have larger torque ripple than other VFRMs. 3) VFRMs with a smaller stator slot number are preferable choices to achieve higher torque/copper loss ratio, whereas VFRMs with a higher stator slot number are more suitable for high current density and large frame scale design. All the analysis and conclusions are validated by FEA on (6, 12)s/(2 ∼ 20)r VFRMs and by experimental tests on a 6s/7r and 6s/8r VFRM prototypes.
It should be noted that this paper investigates influence of stator/rotor pole combination on torque aspect only. For practical machine design, more aspects including efficiency, power factor, current profile, torque ripple reduction, and vibration need to be account for. For example, the power factor will decrease with the increase of rotor pole number under a fixed stator slot number. All these works will be covered in our future work.
